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The effect of a magnetic field on Josephson current has been studied for a
superconductor/normal-metal/superconductor (SNS) system, where N is a two-dimensional
electron gas in a confining potential. It is found that the dependence of Josephson currents
on the magnetic field are sensitive to the width of the normal metal. If the normal metal is
wide and contains many channels (subbands), the current on a weak magnetic field shows a
dependence similar to a Fraunhofer-pattern and, as the field gets strong, it shows another type
of oscillatory dependence on the field resulting from the Aharonov-Bohm interference between
the edge states. As the number of channels decreases (i.e. normal metal gets narrower), how-
ever, the dependence in the region of the weak field deviates from a clear Fraunhofer pattern
and the amplitude of the oscillatory dependence in the region of the strong field is reduced.
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§1. Introduction
It is well known that in a superconductor/insulator/superconductor (SIS) system, Josephson
current as a function of a magnetic field shows a Fraunhofer pattern.1) This remarkable phenomenon
is caused by the interference effect of tunneling Cooper pairs.
In the case of a SNS system, however, where N is a two-dimensional normal metal with a meso-
scopic scale, the dependences of the Josephson current on the magnetic field are expected to be not
so simple. For example, if the field is strong, the normal metal becomes a quantum Hall system and
the edge states are formed. Ma and Zyuzin studied a SNS system under such a strong magnetic
field2)3) where N is two-dimensional normal metal confined by a linear potential and the edge states
of the lowest Landau level are filled, and two superconducting leads are connected to the normal
metal by point contact junctions. They proposed that Josephson current flows through the edge
states in the normal metal and as a function of the field, the current shows Aharanov-Bohm type
oscillations, similar to oscillations of the physical quantities in quantum dots.
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In this paper, we study a SNS system where the normal metal is sandwiched between bulk
superconductors. Recently, such a structure has been actually constructed by Takayanagi et al .4)
An external magnetic field penetrating the system can be arbitrary. The normal metal is assumed
to be under the parabolic confining potential in the direction perpendicular to the junction resulting
in the discrete channels. It turns out that the dependences of Josephson current are sensitive to
the number of channels, N , being defined as the number of channels in the absence of a magnetic
field.
The organization of this paper is as follows. In §2, the model and a derivation of Josephson
current are presented. In §3, we summarize the general features of the dependences of the current
on a magnetic field and N . §4 and §5 are devoted to a system with large N under a weak field
and a strong field, respectively. In §6, we investigate how these results in a system with large N is
affected as N decreases. In §7 we summarize these theoretical results and discuss its realizability.
§2. Model and Derivation of the Josephson current
We consider a system as shown in Fig. 1, where two bulk superconductors are attached to a
two-dimensional normal metal under the confining potential. We assume that a magnetic field is
perpendicular to the two-dimensional normal metal and penetrates only the normal metal region
uniformly.
The Hamiltonian of the system is
Hˆ = HˆS + HˆS + HˆN + HˆTunnel , (2.1)
where HˆSi(i = 1, 2) and HˆN are the BCS Hamiltonian of two superconductors and the two-
dimensional normal metal, respectively.
In the normal metal, the confining potential is assumed to be parabolic as5)6)
V (y) =
1
2
mω20y
2, (2.2)
wherem is the electron mass, and the width of the normal metal in the y-direction, W , is classically
defined as
1
2
mω20
(
W
2
)2
≡ µ , (2.3)
where µ is the chemical potential. In the x-direction, electrons can move free along the length L.
The vector potential A is taken as A = −Hy ex in the normal metal, and A = ~0 in the
superconductors. This choice of gauge enables us to regard the macroscopic phase of Cooper
pairs in two superconductors as spatially uniform. In the calculation in this paper, for the sake of
simplicity, we neglect Zeeman energy whose effects are briefly discussed in §7.
For the model described above, an eigenfunction in the normal metal is given by
ψnk(r) =
eikx√
L
· 1√
2nn!
√
πl0
· exp
[
−1
2
(
y − y0(k)
l0
)2]
·Hn
[
y − y0(k)
l0
]
, (2.4)
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where n = 0, 1, 2, ... and k = 0,±π/L,±2π/L, ... and Hn is the Hermite polynomial and
y0(k) = kl
4
0/l
2
c , l0 =
√
h¯/mω , lc =
√
h¯/mωc , ω =
√
ω20 + ω
2
c , ωc = eH/mc being the cyclotron
frequency. We denote this eigenstate as {n, k}.
The eigenenergy Enk of the state {n, k} is given by
Enk = h¯ω
(
n+
1
2
)
+
h¯2k2
2M
, (2.5)
where M = m(ω/ω0)
2.
This spectrum is shown in Fig. 2. The Fermi wave number of each channel (subband, specified
by n) is given by
kF (n) =
√
2M
h¯2
[
µ− h¯ω
(
n+
1
2
)]
= KF ·
√
1− h¯ω
µ
(
n+
1
2
)
, (2.6)
where h¯2K2F /2M = µ ( i.e. KF = W/2l
2
0 ). The chemical potential µ is determined to conserve
the number of electrons in the normal metal under a varying magnetic field. Hence, as the field
increases, the number of occupied channels decreases.
The states around {n,±kF (n)} contribute to transport phenomena at low temperatures. The
characteristics of the eigenfunction, ψn±kF (n)(r), are as follows.
7) The center of the wave function
in the y-direction, y0(±kF (n)), is given by
y0(±kF (n)) = ±ωc
ω
· W
2
·
√
1− h¯ω
µ
(
n+
1
2
)
. (2.7)
The spatial extent of ψn±kF (n)(r) in the y-direction around y0(kF (n)) is roughly l0
√
n+ 1/2. In
the region of a weak magnetic field (ωc/ω0 <∼ 1), y0(kF (n)) is small compared with the classically
defined edge W/2. Therefore the currents carried by the states {n, kF (n)} and {n,−kF (n)} are
almost canceled all over the normal metal. As the field is increased (ωc/ω0 >∼ 1), the factor ωc/ω
in eq. (2.7) approaches to 1. So y0(±kF (n)) is written as
y0(±kF (n)) ≃ ±W
2
·
√
1− h¯ω
µ
(
n+
1
2
) (
ωc
ω0
≫ 1
)
, (2.8)
and spatial extent l0 becomes small and converges to the Larmor radius lc. Then the difference
between y0(kF (n)) and y0(−kF (n)) becomes large, and y0(±kF (n)) for a small n almost coincides
with the classically defined edge ±W/2. So the currents carried by {n, kF (n)} and {n,−kF (n)}
are spatially separated and this leads to the formation of the edge states, that is to say, the states
carrying current along +x shift to one side of the normal metal, while states carrying current in the
other direction shift to the other side of the normal metal. These influences of a magnetic field on
the eigenfunction are in accordance with a classical viewpoint, since the Lorentz force (−e)v ×B
is opposite for electrons moving in opposite directions.
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So far are discussed electronic states in the normal metal. The tunneling process between the
superconductors and normal metal is described by HˆTunnel in eq. (2.1) as the following form,
HˆTunnel = g
∑
σ
∫
dr
{
δ(x)ψˆ
†
S1 σ(r)ψˆN σ(r) + δ(x− L)ψˆ†N σ(r)ψˆS2 σ(r) + h.c
}
, (2.9)
where ψˆSi σ(r) and ψˆN σ(r) are the field operators of two superconductors and the normal metal,
respectively.
Josephson current is given by the general formula as follows8) ,
J =
2e
h¯
∂Ω
∂θ
, (2.10)
where Ω and θ are the thermodynamic potential and the phase difference between the two super-
conductors attached to the normal metal, respectively. The dependence of Ω on θ can be obtained
by a perturbative expansion with respect to the pair amplitude of superconductors.9) We evalu-
ate Josephson current to the lowest order, which means considering the most simple process of a
Cooper pair propagation as shown in Fig. 3. This approximation for the Josephson current is valid
under the condition L >∼ ξc, where ξc is a coherence length in the normal metal, representing a
characteristic penetration length of a Cooper pair into the normal metal, and given by ξc = vF /2πT
in a clean limit. We evaluate the pair amplitude in the local approximation as
∆i(r − r′, τ − τ ′) ≡ g2 < ψˆSi ↑(r, τ)ψˆSi ↓(r′, τ ′) >
≃ g2 < ψˆSi ↑(r, τ)ψˆSi ↓(r, τ ′) > δ(r − r′) , (2.11)
which means that two electrons of a Cooper pair in the superconductors tunnel into the normal
metal at the same point.
Based on these approximations, we can express Josephson current by the following form,
J =
2e
h¯
(−i)T
∑
ωm
|∆(ωm,H)|2
∫
dyl
∫
dyr
{
GN↑(rl, rr;ωm)GN↓(rl, rr;−ωm)eiθ
− GN↑(rr, rl;ωm)GN↓(rr, rl;−ωm)e−iθ
}
, (2.12)
where rl = (0, yl) and rr = (L, yr) are the coordinates at the interfaces between the superconductor
and the normal metal, and GNσ is a thermal Green’s function in the normal metal. In eq. (2.12),
|∆(ωm,H)| is defined as
|∆(ωm,H)| = g · |∆(H)|√
ω2m + |∆(H)|2
, (2.13)
where ∆(H) is the order parameter in the superconductor under a magnetic field H. With the
eigenfunction in eq. (2.4), GNσ can be written as
GNσ(r, r′;ωm) =
∑
nk
ψnk(r)ψ
∗
nk(r
′)
i ωm − ξnk ( ξnk = Enk − µ ) . (2.14)
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By use of this Green’s function, eq. (2.12) is transformed into
J =
8e
h¯
T
∑
ωm>0
|∆(ωm,H)|2Re
[∫
dyl
∫
dyrGN↑(rl, rr;ωm)GN↓(rl, rr;−ωm)
]
sin θ
≡ Jc sin θ, (2.15)
where we took the symmetries of the Green’s function into account (see Appendix A). This result
coincides with a well-known form of Josephson current proportional to the sine of the phase differ-
ence, while the higher order correction in this perturbation, which is ignored here, gives rise to the
higher harmonics of sin θ.
Jc defined in eq. (2.15) can be calculated as follows ( see Appendix B ),
Jc =
8e
h¯
T
∑
ωm>0
|∆(ωm,H)|2Re
∑
n1n2
∫
dk1
2π
∫
dk2
2π
e−ik1L
iωm − ξn1k1
· e
−ik2L
−iωm − ξn2k2
· 1
2n1n1!
√
π
· 1
2n2n2!
√
π
×
{∫
d
(
y
l0
)
Hn1
[
y − y0(k1)
l0
]
·Hn2
[
y − y0(k2)
l0
]
· exp
[
−1
2
(
y − y0(k1)
l0
)2
− 1
2
(
y − y0(k2)
l0
)2]}2
=
8e
h¯
T
∑
ωm>0
|∆(ωm,H)|2
∑
n1n2
(
2M
h¯2
)2
· e
−2b1L√
a21 + b
2
1
×
∫
dq
2π
2(b1q + a1b1 + a2b2) cosα−
{
(q + a1)
2 − a22 − b21 + b22
}
sinα
{(q + a1 − a2)2 + (b1 + b2)2} {(q + a1 + a2)2 + (b1 − b2)2} · Fn1n2
[
ql30
2l2c
]
, (2.16)
where q = k1−k2 (the relative wave number in the x-direction), κ1 = a1+ib1, κ2 = −a2+ib2 (ai, bi ≥
0) and α = (q + 2a1)L− 1/2 · tan−1[ωm/(µ − h¯ω(n1 + 1/2))].
κ1 and κ2 are defined as

h¯2κ2
1
2M ≡ µ− h¯ω
(
n1 +
1
2
)
+ iωm
h¯2κ2
2
2M ≡ µ− h¯ω
(
n2 +
1
2
)
− iωm
( Im[κ1], Im[κ2] > 0 ). (2.17)
Fn1n2 is defined by
Fn1n2 [z] ≡
N !
M !
(2z2)M−Ne−2z
2
{
L
(M−N)
N [2z
2]
}2  M = max{n1, n2}N = min{n1, n2} , (2.18)
where L
(α)
n is the Laguerre polynomial.
For channels ni satisfying µ− h¯ω(ni + 1/2) > 0 , ai and bi can be approximated as
 ai(ωm) ≃ kF (ni)bi(ωm) ≃ ωmh¯vF (ni) . (2.19)
The damping term exp(−2b1L) in eq. (2.16) can be written as exp(−(2m + 1) · L/ξc(n1)) where
ξc(n1) = h¯vF (n1)/2πT . Here we consider the case where ξc(n1) <∼ L for all occupied channels n1,
therefore in the summation over the thermal frequency ωm(> 0), the term corresponding to m = 0
becomes dominant.
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§3. General Features of the Dependences on Magnetic Field and N
Fig. 4 indicates the general features of the dependence on the magnetic field for various N , the
number of channels at H = 0, which is related with the classically estimated width W introduced
in eq. (2.3) as follows
h¯ω
(
N +
1
2
)
≃ 1
2
mω20
(
W
2
)2
. (3.1)
Therefore the large N corresponds to the wide normal metal. As the field is increased, the number
of channels decreases and finally becomes 1 as seen from Fig. 4.
The dependence is roughly classified into two regions; “ Fraunhofer pattern” region and “ Edge
current ” region. In “ Fraunhofer pattern ” region, Josephson current shows a dependence on the
field like a Fraunhofer pattern as in a SIS system and in “ Edge current ” region, the dependence
shows another type of oscillation due to the interference between the edge states in the normal
metal.
§4. Dependence in the Region of Weak Magnetic Field and Large N
In this section, we assume that N is large enough (N ∼ 100) and consider the case of the
weak field (ωc/ω0 <∼ 1). Since a weak magnetic field is expected not to affect so much an orbital
motion of electrons in the normal metal, Josephson current will show a dependence similar to a
Fraunhofer-pattern in a SIS system.
The numerical result is shown in Fig. 5. In this calculation, parameters are chosen as W =
28 ξ, L = 3 ξ , ξc = 5 ξ in the absence of the field ( ξc = h¯vF /2πT, vF = h¯KF /M, ξ =
√
h¯/mω0 ).
This choice of W leads to N = 98, and |∆(ωm,H)| the pair amplitude in superconductors is
assumed to be unchanged by a magnetic field.
From this result, we see that, in a weak magnetic field ωc/ω0 <∼ 1, the Josephson current shows a
dependence similar to a Fraunhofer pattern as J0 sin(πΦ/Φ0)/(πΦ/Φ0) with Φ being the magnetic
flux in the normal metal and a flux quantum Φ0 = hc/2e, although the distance between successive
maxima gradually increases as ωc/ω0 exceeds about 0.5 . By fitting this numerical result with the
above formula of a Fraunhofer pattern, we can estimate the effective width of the normal metal to
be about 26 ξ, while the classically defined width W at H = 0 is 28 ξ.
These numerical results are understood as follows based on eq. (2.16). In such a weak field as
ωc/ω0 <∼ 1, the integrand in eq. (2.16) has a strong peak around q = −(a1 + a2) with the width
|b1 − b2|. Other region of q does not contribute to the integrated value so much, because of the
oscillation. In order to understand the dependence on parameters qualitatively, we approximately
replace this integration by the value at q = −(a1 + a2) multiplied by |b1 − b2|.
Jc ≃ 8e
h¯
T |∆(πT,H)|2 ·Re
[∫
dyl
∫
dyrGN↑(rl, rr;πT )GN↓(rl, rr;−πT )
]
∼ 8e
h¯
T |∆(πT,H)|2 · (−1)
4π
(
2M
h¯2
)2
6
×
∑
n1n2
e−2b1L√
a21 + b
2
1
· |b1 − b2|
b1 − b2 ·
a2 cos[(a1 − a2)L]
a22 +
(
b1+b2
2
)2 · Fn1n2
[
−(a1 + a2)l30
2l2c
]
(4.1)
Fn1n2 [z] has the maximum around |z| = 1/2
√
2N · (M − N + 1/2) · πγ/2 where M =
max{n1, n2}, N = min{n1, n2} and γ = 0.6 (for details, see Appendix C). Therefore, in the sum-
mation over n1 and n2, contributions from terms satisfying the condition
l30
2l2c
(a1 + a2) ≃ 1
2
√
2n1
·
(
n2 − n1 + 1
2
)
· πγ
2
≃ 1
2
√
2n1
· µ
h¯ω
· (a
2
1 − a22)
K2F
· πγ
2
, (4.2)
dominate. For such pairs, the argument of the cosine in eq. (4.1) is given by
(a1 − a2)L = π · H · L ·Weff(n1)
Φ0
(4.3)
where Φ0 = hc/2e and Weff(n1) is defined by
Weff(n1) ≡ 2
πγ
·W
√
1 +
(
ωc
ω0
)2
·
√
h¯ω · n1
µ
≃ W
√
1 +
(
ωc
ω0
)2
·
√
h¯ω · n1
µ
. (4.4)
Weff(n1) can be considered as an effective width of the channel n1. This effective width Weff(n1) is
an increasing function of n1 and for the largest n1 ( h¯ω(n1 + 1/2) ≃ µ ), Weff(n1) approximately
coincides with the classically estimated width W . From eq. (4.3), each maximum of the oscillation
as a function of H corresponds to the change of the number of quantum flux Φ0 penetrating the
region which electrons in the channel n1 effectively occupy. After taking the summation over n1,
we get a Fraunhofer pattern.
In the absence of a magnetic field, because of the following relation
lim
H→0
Fn1n2
[
ql30
2l2c
]
= δn1n2 , (4.5)
the Cooper pairs consisting of electrons in the same channel as ( −kF (n1), kF (n1) ) mainly con-
tribute to Josephson current, and the Cooper pairs have a zero momentum as shown in Fig. 6(a).
The above analysis shows that, as a magnetic field is applied in the region ωc/ω0 <∼ 1, the pair
states like (−kF (n2), kF (n1)) becomes effective where {n1, n2} meets the condition eq. (4.2), and
the Cooper pair has a momentum, pF (n1)− pF (n2) (see Fig. 6(b)). Therefore, it can be concluded
that as a magnetic field is applied the Cooper pairs consisting of electrons in different channels be-
gin to contribute and the pairs begin to have a nonzero momentum. This change of the electronic
states in the pairs contributing to the Josephson current result in a Fraunhofer pattern.
The fact that the Cooper pairs contributing to the current begin to have a finite momentum leads
to the spatial separation of Cooper pairs flowing in the opposite direction each other, although there
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is a much spatial overlap under a weak magnetic field. This tendency can be easily understood
by considering that the center of the single-particle wave function in the y-direction is given by
y0(k) = kl
4
0/l
2
c , proportional to the wave number k in the x-direction as discussed in §2.
The increase of the difference in field between successive maxima at ωc/ω0 >∼ 0.5 in Fig. 5 can be
understood as follows. The difference between n1 and n2 satisfying eq. (4.2) becomes larger as the
field becomes stronger. However, the number of channels in the normal metal is restricted to about
µ/h¯ω. Therefore as the field is increased, the number of Cooper pairs contributing to Josephson
current decreases and the contribution of the Cooper pairs with a small n remains. This leads to
the increase of the distance between successive maxima as is seen by eq. (4.3).
§5. Dependences in the Region of Strong Magnetic Field and Large N
We now consider the effect of a strong magnetic field (ωc/ω0 >∼ 1). The number of channels are
assumed to be large as in §4 (N = 98).
The numerical result is shown in Fig. 7. All parameters are the same as those in §4 and the
pair amplitude |∆(ωm,H)| is assumed to be unchanged by the field. As the cyclotron frequency ωc
increases beyond ω0, Josephson current starts to exhibit another type of oscillation which eventually
dominates the Fraunhofer pattern in the strong field limit. The distance between successive maxima
is not so different from that of a Fraunhofer pattern.
Such behaviors can be understood as follows. In eq. (2.16) the peak at q = −(a1 + a2), which
was important under the weak field, does not contribute in the present case of ωc/ω0 >∼1, because
Fn1n2 [ql
3
0/2l
2
c ] at q = −(a1+a2) is so small. Instead, in the present case of ωc/ω0 >∼ 1, contributions
from small z is important and we approximate Fn1n2 [z] as follows,
Fn1n2 [z] ≃


Q[n1]2
z2+Q[n1]2
(n1 = n2)
0 (n1 6= n2)
[ |z| <∼ Q[n1] ], (5.1)
where Q[n1] = 1/2
√
2n1 + 1 . Then we can perform the q-integration in eq. (2.16) to obtain
Jc ≃ 8e
h¯
T |∆(πT,H)|2
(
M
h¯2
)2∑
n1


e−2b1L
(a21 + b
2
1)
·
(
c1
2a1
)2
1 +
(
c1
2a1
)2 + cos
[
2a1L− tan−1
(
c1
2a1
)]
a1
√(
a21 + b
2
1
) · (1 + ( c12a1
)2) ·
e−(c1+2b1)L
1 + 2b1
c1


≃ 8e
h¯
T |∆(πT,H)|2
(
M
h¯2
)2∑
n1
cos[2a1L]
a1
√
a21 + b
2
1
· e
−(c1+2b1)L
1 + 2b1
c1
, (5.2)
where c1 ≡ 2l2c/l30 ·Q[n1] and we assumed the relation c1/2a1 ≪ 1 and c1L <∼ 1.
This evaluation implies that Josephson current is mainly carried by the Cooper pairs consisting
of electrons (kF (n1), kF (n1)) (see Fig. 6(c)). This tendency can be understood by considering
that under such a strong magnetic field the center of the single-particle wave function in the y-
direction y0(kF (n1)) gets close to the classically estimated edge W/2, and the spatial extent in the
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y-direction l0 becomes small. In this case, as seen from eq. (2.16), a main contribution comes from
states satisfying n1 = n2 and y0(k1) ≃ y0(k2), namely k1 ≃ k2 since y0(k) ∝ k. Therefore Cooper
pairs flow through the edge state in the normal metal as schematically shown in Fig. 8.
Each term in eq. (5.2) involves an oscillatory function of H, cos(2a1L). This argument, 2a1L,
can be expressed as follows,
2a1L = π ·
H · L · 2y0(a1)
(
ω
ωc
)2
Φ0
, (5.3)
where 2y0(a1) ≃ 2y0(kF (n1)) = y0(kF (n1))−y0(−kF (n1)), i.e. the distance between two edge states
around y = y0(kF (n1)) and y = y0(−kF (n1)), and the factor (ω/ωc)2 approaches to 1 in the large
H limit. Therefore this argument corresponds to the number of the flux quantum Φ0 surrounded
by the edge states as shown in Fig. 8. This oscillation results from the Aharonov-Bohm interference
between the Cooper pairs, and this situation coincides with the result by Ma and Zyuzin2);3) under
a strong magnetic field, the Josephson current is carried by Cooper pairs which consist of electrons
having the same velocities and flow along the edge of the two-dimensional normal metal, which
leads to the Aharonov-Bohm type oscillations as in quantum dots.
In this system with many channels, as a magnetic field is increased, Cooper pairs rearranges
themselves from (−kF (n2), kF (n1)) to (kF (n1), kF (n1)) in due order from Cooper pairs with a larger
n. This is why Josephson current starts to show another type of oscillation around ωc/ω0 ≃ 1.
In the strong magnetic field limit, almost all the Cooper pairs finally flow through the edge states.
This leads to a complicated oscillation because the amplitude and the periodicity of the oscillatory
behavior in each channel are not correlated as is seen in eq. (5.2). However the distance between
successive maxima of Josephson current are not so different between weak and strong field limits,
because the argument in eq. (5.3) is approximately the same form as one in eq. (4.3), although
under a high magnetic field the chemical potential µ decreases (i.e. the width W decreases).
§6. Quantum Limit ( Small N )
In §4 and §5, we assumed that there are many channels (N ∼ 100) in the normal metal, i.e.
the width W is large enough. In this section, we consider the case where there are not so many
channels in the normal metal.
The numerical results for several choices ofW are shown in Fig. 9. In order to see the dependence
on N clearly, the width W in Fig. 9(a) is chosen as 20.1ξ corresponding to N = 51 which can be
considered in the middle of a large N and a small N . Here, |∆(ωm,H)| is assumed to be unchanged
by the field as before. As N decreases, we see an appreciable deviation from a Fraunhofer pattern
in the weak field region (ωc <∼ ω0) and a less oscillatory behavior due to the edge states in the
strong field region (ωc >∼ ω0).
In order to understand these properties, we consider a one-channel system (N = 1) as a limiting
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case, where the Josephson current is given
Jc ≃ 8e
h¯
T |∆(πT,H)|2
(
M
h¯2
)2


e−2b1L
(a21 + b
2
1)
·
(
c1
2a1
)2
1 +
(
c1
2a1
)2 + cos
[
2a1L− tan−1
(
c1
2a1
)]
a1
√(
a21 + b
2
1
) · (1 + ( c12a1
)2) ·
e−(c1+2b1)L
1 + 2b1
c1

 ,
(6.1)
where c1 ≡ 2l2c/l30 ·Q[n1]. Here we approximated Fn1n1 [z] in eq. (2.16) by the Lorentzian as in eq.
(5.1).
Since the factor c1/2a1 is larger than 1 in the region ωc/ω0 <∼ 1 (c1/2a1 =∞ when ωc → 0), the
first term dominates, which means that Josephson current does not show any oscillatory dependence
in the region of the weak field. As shown in Fig. 6(b), the Fraunhofer pattern is caused by Cooper
pairs consisting of electrons belonging to the different channels. Therefore as N decreases, the
interference between Cooper pairs is weakened.
Under the strong field (ωc/ω0 >∼ 1), the factor c1/2a1 becomes smaller than 1, and the 1st term
becomes small. However the factor c1L in the damping factor exp(−(c1+2b1)L) in the second term
is large for a small n1, so the second term is much smaller than the first term and the oscillatory
behavior does not appear.
Especially in Fig. 9(b) and (c), the decrease of the number of channels as the field increases
affects Josephson current. This is because the contribution of each channel to Josephson current
becomes large in such a narrow system.
It can be concluded that as the number of channels decreases the field dependence in the weak
field region (ωc/ω0 <∼ 1) deviates from a Fraunhofer pattern and the amplitude of the oscillatory
behavior due to the edge states under the strong field (ωc/ω0 >∼ 1) is reduced.
§7. Summary and Discussion
We have studied the effect of an external magnetic field on Josephson current in a SNS system
where two bulk superconductors are attached to a confined two-dimensional normal metal and the
temperature is assumed to satisfy ξc <∼ L (ξc is the coherence length of the pair in the normal
metal). We first studied the case that the normal metal has many channels (N ∼ 100). In the
absence of field, Cooper pairs which consist of two electrons in the same channel and have an
essentially zero momentum contribute to the current. For the weak field (ωc/ω0 <∼ 1), however,
the contribution of pairs which consist of electrons in the different channels and have the finite
momentum pF (n1) − pF (n2) becomes larger. This leads to a Fraunhofer pattern. As the field is
increased further (ωc/ω0 >∼ 1), Cooper pairs with a larger n rearrange themselves into the states
that two electrons are in the same channel and have the same momentum. This means that
Josephson current flows through the edge states, and shows an oscillatory dependence due to the
Aharonov-Bohm interference between Cooper pairs. This is physically the same as the result by
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Ma and Zyuzin2),3) who studied the case where two superconducting leads are attached via point
contacts to a confined two-dimensional normal metal and the edge states of the lowest Landau level
are filled.
We next examined the dependence on N the number of channels in the normal metal at H = 0.
The decrease of N weakens an interference between Cooper pairs even in the region of the weak
field and leads to a deviation from a Fraunhofer pattern. In a limiting case, Josephson current
in an one-channel system (N = 1) does not show a Fraunhofer pattern dependence at all. Under
the strong field, the amplitude of the oscillatory behavior due to the edge states is reduced as N
decreases.
In this paper, we neglected Zeeman energy which splits a Fermi wave number of the each channels
as kF +∆k, kF −∆k. Under the strong field, the single-particle wave function ψnk(r) is localized
around the center y0(k) in the y-direction with the spatial extent lc
√
n+ 1/2. In the absence of
the Zeeman energy, a much contribution comes from the pair states where two electrons belong
to the same channel and the centers of two single particle wave functions in the y-direction are in
an almost same position. The Zeeman energy separates this overlapping two single-particle wave
functions in the y-direction as y0(kF +∆) and y0(kF −∆). Therefore Zeeman energy will reduce
Josephson current.
In this paper, we assumed that the confining potential caused by the gate voltage is parabolic.
The self-consistent calculation for a GaAs/AlGaAs heterostructure by Laux et al11) suggests that
the parabolic potential is appropriate for a system with one or two channels (N = 1 or N = 2), but
as charge accumulates in the well (i.e. N is increased in the region ), the potential gets close to
a square well type. If this is the case, the behavior of Josephson current in the system with a few
channels as discussed in §6, can be considered rather realistic. In the system with a large N(∼ 100)
as discussed in §4 and §5, however, the edge states may be located nearer to the classically estimated
edge ±W/2 regardless of n. Therefore the periodicities of the oscillations due to edge states in eq.
(5.3) can be almost the same for all channels, and the oscillatory dependence due to edge states
is expected to become simpler than one shown in Fig. 7. On the other hand, Fraunhofer pattern
under the weak field is considered not to be affected so much by this alternation of a confining
potential. From these discussions, it can be expected that the field dependence in a strong field
region will reflect the actual shape of the confining potential.
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Appendix A: Symmetries of the Green’s Function
In the derivation eq. (2.15), we have used the following symmetries of the Green’s functions;
GNσ(rl, rr;−ωm) = GNσ(rr, rl;ωm)∗ (A.1)∫
dyl
∫
dyr GN↑(rl, rr;ωm)GN↓(rl, rr;−ωm)
=
∫
dyl
∫
dyr GN↑(rr, rl;ωm)GN↓(rr, rl;−ωm) (A.2)
Appendix B: Calculation of the Green’s Function
By use of the formula,10)∫ ∞
−∞
dx e−x
2
Hm[x+ y]Hn[x+ z] = 2
nπ
1
2m!zn−mL(n−m)m [−2yz] (n ≥ m), (B.1)
we can transform Jc as the following,
Jc =
8e
h¯
T
∑
ωm>0
|∆(ωm,H)|2Re
∫
dyl
∫
dyrGN↑(rl, rr;ωm)GN↓(rl, rr;−ωm)
=
8e
h¯
T
∑
ωm>0
|∆(ωm,H)|2Re
∑
n1n2
23
(
2M
h¯2
)2 ∫ dq
2π
Fn1n2
[
ql30
2l2c
]
×
∫
dK
2π
e−iKL
(K + q − 2κ1)(K + q + 2κ1)(K − q − 2κ2)(K − q + 2κ2) , (B
.2)
where K = k1 + k2(the total momentum), q = k1 − k2(the relative momentum), and k1 and k2 are
treated as continuous here by the following reason. At the interfaces between the normal metal and
the superconductor, there will be a repulsive potential, i.e. potential barrier, in the x-direction,
through which electrons in the normal metal region are coupled to the propagating states in the
bulk superconductors. After performing the K-integration, we obtain eq. (2.16).
Appendix C: Estimation of Maximum Point of Fn1n2 [z]
The asymptotic behavior of the Laguerre polynomial10) is given by
L(α)n (x) =
1√
π
e
x
2 x−
α
2
− 1
4n
α
2
− 1
4 cos
[
2
√
nx−
(
α+
1
2
)
π
2
]
+O(n
1
2
α− 3
4 ). (C.1)
which is adequate for a large n and roughly
1/2
√
n · (α+ 1/2) · π/2 <∼
√
x <∼ 1/2
√
n · (α+ 1/2) · π/2 +√nπ/2.
By use of this, Fn1n2 [z] is approximated by
Fn1n2 [z] ≃
1
π
√
N · 2z2 cos
2
[
2
√
N · 2z2 −
(
M −N + 1
2
)
· π
2
]
, (C.2)
where M = max{n1, n2}, N = min{n1, n2}.
From this asymptotic form, Fn1n2 [z] can be expected to have a maximum around |z| = 1/2
√
2N ·
(M−N+1/2) ·π/2. However, this asymptotic form is valid in the larger region than this maximum
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point. Therefore the real maximum point deviates from the expected one and can be written as
|z| = 1
2
√
2N
·
(
M −N + 1
2
)
· πγ
2
, (C.3)
where γ is weakly dependent on n1, n2 and ranges roughly from 0.5 to 0.7. For simplicity, we have
used the average value of 0.6 for γ.
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Fig. 1. Schematic illustration of SNS system considered in this paper. The origin of the coordinate system (x, y) is
chosen at the center of the left SN interface.
Fig. 2. Dispersion relation, Enk vs k for electronic subbands arising from electronic confinement in zero magnetic
field.
Fig. 3. The lowest order process of Cooper pair propagation considered in this paper. Electronic state in the normal
metal is specified by {n, k}.
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Fig. 4. Schematic picture showing the dependence of characteristic magnetic field effects on N the number of
channels in the absence of the field.
Fig. 5. The dependence of Josephson current on a weak magnetic field (ωc/ω0 <∼
1) in a system with large N
(N=98). The parameters are chosen asW = 28 ξ, L = 3 ξ, ξc = 5 ξ (ξ =
√
h¯/mω0). Jc is normalized by 8emT/h¯
3µ ·
|∆(piT,H)|2 ≡ J0.
Fig. 6. Cooper pairs giving a dominant contribution to Josephson current. (a)zero magnetic field, (b)weak magnetic
field, (c)strong magnetic field.
Fig. 7. Josephson current as a function of magnetic field in the case of strong magnetic field (ωc/ω0 >∼
1). All
parameters are the same as those in Fig. 5, i.e. W = 28 ξ, L = 3 ξ, ξc = 5 ξ (ξ =
√
h¯/mω0)
Fig. 8. Schematic illustration of the motion of Cooper pairs flowing through the edge state under a strong magnetic
field.
Fig. 9. Josephson current as a function of magnetic field for various choice of system width, W . (a) W = 20.1 ξ
(N = 51), (b) W = 9.2 ξ (N = 11), (c) W = 5.3 ξ (N = 4), (d) W = 2.2 ξ (N = 1), where L = 3 ξ, ξc = 5 ξ, ξ =√
h¯/mω0.
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